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A mathematical treatment of the electron recombination process is presented on the basis of the extended
Smoluchowski equation, which includes the effects of several positive ions as ion cores in a spur and of a scavenger.
The equation is reduced to the usual Smoluchowski equation for the geminate recombination in a special case.

The time dependence of the electron concentration is obtained using a successive approximation.

The results

of numerical calculations for various reaction parameters are presented.

The geminate recombination of the electrons with
the parent ions in the primary process in the radiolysis
of the liquid phase has been discussed on the basis of
a statistical treatment!~® and of the basis of the Smolu-
chowski equation,’-'Y) wusing different approaches.
The second method, used by Monchick,® Mozumder,”
and Hummel® is based on the approximation of the
prescribed diffusion of the Smoluchowski equation.
The presence of a singularity at the point of origin
in this equation makes it difficult to solve analytically.
Numerical calculations using an electronic computer
were attempted by Ludwig.? In spite of the difficulty
of obtaining an accurate solution, the various experi-
mental results, namely, the scavenging effect on
the reaction products, the measurement of the
electric conduction during irradiation, and the recent
development of the spectroscopic tracing of the elec-
tron concestration after pulse irradiation, can be inter-
preted on this theoretical base. However, no unified
theory based on a fundamental equation seems to have
been proposed in explanation of the various experi-
mental facts. In a previous paper the scavenger effect
on the G value of electron recombination has been
discussed.!®

In the present paper, the recombination of the elec-
trons with parent ions after pulse irradiation will be
treated by considering the character of a spur and
the effect of the scavenger as an extended form of the
Smoluchowski equation,!®? which can be reduced to
the usual Smoluchowski equation in the absence of a
scavenger and in the presence of a single ion in the ion
core. The successive approximation was applied to
solve the extended form of the Smoluchowski equation,
using two extreme cases, namely, the potential-control
and diffusion-control cases. To solve the recombi-
nation relaxation of the electrons, the determination
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of the initial distribution of the electrons is important,
so various initial distributions were tested in the numeri-
cal calculation. Inversely, the initial distribution can
be obtained by the inverse Laplace transform from the
analysis of the recombination process. In the ion-
core model, an ion cluster at the center of the spur and
the surrounding electrons are considered. The value
of the central ion charge gradually decreases as the
neutralization process progresses. The solution can be
synthesized by the connection of the solutions for vari-
ous effective charges in the ion core.

Theory

A) Fundamental Equation and Its Approximations.
The fundamental equation for the electron recombi-
nation is based on the following form of the extended
Smoluchowski equation, (I-12),1 in a spherical co-
ordinate:

%(r,t) _ pelnt) (32 n L)ﬁ”(_”_‘_l
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— Pe(r, t) (1)

where C(r, t) is the concentration of electrons at a di-
stance r from the center of the ion core and at a time
¢t after the ionization of the central ions. D is the dif-
fusion constant, « is determined by the Coulomb at-
traction, and S is the rate constant of the scavenger
reaction. « decreases with an increase in ¢ by the
neutralization of the central ions, and also decreases

with an increase in 7 by means of the screening effect
of the electrons outside the ion core, as is shown by

Eq. (2):

r r?

o = N+(t)eufe (2)

where N*(¢) is the number of ions in the ion core, e
is the electron charge, u is the mobility of the electrons,
and ¢ is the dielectric constant. However, for the sake
of simplicity, « is assumed to be a constant or a step
function of time during the neutralization process.

A successive approximation has been used to solve
the fundamental equation. An analytical expression
of the solution can be obtained in the absence of either
the diffusion term or the term of the Coulomb attrac-
tion. Therefore, the solutions in which these terms
are absent can be used as the zero-th order approxi-
mation. For example, in the absence of diffusion
term, Eq. (3) is given for the zero-th-order approxi-
mation of the potential-control case:
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In the absence of the Coulomb interaction, Eq. (4)
is obtained as a diffusion-control case:
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The solution for the s-th order approximation can be
obtained by means of Egs. (5) and (6) for the poten-
tial control and the diffusion control respectively:
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By the use of these recurrent equations, the higher-
order solutions can be obtained.’®) The zero-th-
order solutions are given by Egs. (7), (8), and (9).1

Xo(r, t) = f(at+17%/3)exp(—Bt) (7)
where f stands for an arbitrary function. Equation
(7) is expressed by the integral representation:

Lo(r, 1) = / ” Ky (n)exp(— Bt —not —nrd/3)dn @)
0

where K,(n) is an arbitrary function of n, which is de-
termined by the initial distribution of electrons. The
zero-th-order solution in the diffusion-control case can
be written by Eq. (9):

13) Ref. 12 will be referred to as I, while equations that appear
in it will be referred to (I-—).

14) Equation (5) and (6) are solved by the following recurrent
equations:

1ir, ) = exp(— B0 f(t-+r(3D)
”D r _ 0Xs—4(r,2)
- j;exp( ﬁt){2r or

azxs—l(ra l) }
2 s—1\s 8/
T or? drt=cl—r3/3a}

Where C, is a constant, where f is an arbitrary function, and where
ws(ry t) = e;::;nf;ﬁ)f §p(8)
X [exp{—(r—&— Ry)*[4Dt} —exp{ —(r+&— R,)?*/4Dt}]d¢
exp(—Bt) [t exp(Br) (= & dors-(E, 1)
2VaDt Jo Vi—tJo € ¢
X [exp{—(r—&— Ry)?/4D(t—7)}
— exp{ —(r+&—Ry)?/4D(t —7)}]dédr
Where ¢ (£) is the initial distribution of the electrons and where
R, means the radius of the central-ion core.
15) In the approximation by prescribed diffusion,” the product
of wy (r, t) and N*(t) is used for the C(r, t) [solution,
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where ¢(§) is the initial distribution of the electrons
and where R, is the radius of the central-ion core.
The first- and second-order approximations, ¥, and
Xy, are given by Eq. (10) and Eq. (11) respectively:

Ay(ryt) = j; Ky (n) (1-+nDrt/a—n2Dr7[7a)

X exp{— (B+na)t —nr3/3}dn (10)

and
Ly(ryt) = / Ky (n)(14+nDr*ja—n2Dr|7o.—4nD%5/ a2
0
+ 5n2D%®/202 — 2473 D177 0 + n* D?r14/9842)
X exp{— (B +nx)t—nr3}dn (11)
Generally, the s-th order of approximation can be
written by:

Ly(ryr) = ﬂ " Ku(n)Hy(n, @, D, r)exp(— Bt —not —nt®/3)dn

(12)
where H, is a function of n, «, D, and r. When
an approximate electron concentration in the system
is expressed as N,, the approximate electron con-
centration as a function of the time is given by

Eq. (13):
Ny(t) = 4nf"r2xs(r, 1)dr

Ry
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K (n)exp(— ft —not)Gy(n, o, D, Ry)dn  (13)
where G (n, o, D, R,) is the integral in the brackets,
[ ] and is a function of n, «, D, and R,. The approxi-
mate value of N(¢) and the time dependence of the
electron concentration can be evaluated by using the
approximate solutions of C(r, {). Thus, the initial
distribution of the electron and the time dependence
of the electron concentration in the system are con-
nected by the Smoluchowski equation. The initial
distribution of electrons can be estimated from the time
behavior of the electron concentration, which is itself
determined by the pulse experiment. Therefore,
the initial distribution can be expressed by the use of
the inverse Laplace transforms!®) of the time depen-
dence of the electron concentration in the system, as
is shown in Eq. (14): .

Ky(0)Galn o D, Ry) =5 [ "Nt
X exp{(B/a-+n)p)dp (14)

where the ¢ in the integral is a constant. Gy(n, R,),
Gi(n, o, D, R,), and Gy(n, o, D, R,), corresponding to
these solutions X, X,, and X,, are given by Egs. (15),

16) for example, I. N. Sneddon, “Fourier Transforms,” Mc-
Grow-Hill Book Co, Inc., New York (1951), p. 30,
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(16), and (17) respectively.

Gy(n, Ry) = .[:Slgexp(—nf)df = exp(—nRy3/3)/n (15)
Gimw DR = [ (1uD(30)
a—n2D(38)7/3/Ta)exp(—n§)dE (16)

Gy(n, %, D, Ry) = _/; "3

0
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/3
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— 24m3D2(38) /370t + n*D?(3)14/3/98%)
X exp(—né)d§ (17)
B) Initial Conditions and Approximate Expressions of
the Electron Concentration. From Egs. (8)-(12) the
various types of approximate solutions of electron
concentrations can be obtained as a function of the
time if the initial distribution of the electrons is given.
One of the simplest examples of the initial distribution
is the d-function representation for the weight function,
K (n). When Ky(n) is expressed by the d-function in
Eq. (8), K,(n)=6(n-ny), where n, means a positive
constant, the solution for the zero-th order approxi-
mation in the potential control case can be written as:

Xo(ryt) = exp{— (B+nox)i —ner®/3} (18)
n, can be represented by 2/rf., where 7., is the
distance at the maximum value of initial distribution.!?
Then, the electron concentration normalized by the
initial value is given by Eq. (19):

No(t)/No(0) = exp(— Bt —ngot) (19)
Similarly, for the first-order approximation in the
case of potential control, the distribution, X,(7, ¢), is:

Xi(ryt) = (1+nyDrt/a—ny2Dr?[7a)

X exp{— (B+nyot)t —ngrj3} (20)

N(t)/N(©)
o
w
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Then, N,(t)/Ny(0) is expressed by Eq. (21):

Ny (8)/N1(0) = exp(—ft—noxt) @1
The same expression is obtained for the higher-order
approximation for the distribution determined by

K,(n)=06(n-ny). The distribution determined by the
superposition of the é-function can also be considered:

Ky(n) = Ad(n—ny) +Bdé(n—n,) (22)

where n; and n, are positive constants and where

A and B are constants for superposition. In this
case, Ny(t)/Ny(0) is given by Eq. (23):
(Anzexp(—ﬂt —n ot —nyRy3/3) +>

No(t) Bn,exp(— Bt —nyot —nyRy%/3) 23)

No(0) ~ Anyexp(—nRe?/3) -+ Bnyexp(—nyRe?/3)
Similarly, N (¢)/N (0) is expressed by Eq. (24):
(Acxp(—ﬂt —nyat)Gs(ny, o0, D, Ry) —|—)
Bexp(— ft —ny0t) G (ny, @, D, Ry)
N (0) AG(ny, @, D, Ry) + BG(ny, @, D, R,)

The same quantities were evaluate for the diffusion-
control equation. For the initial distribution, ¢(§)=
0(E-Tpax) [47riex, the zero-th order approximation so-
lution is:

N:(@) _

(24)

—pt
001, 8) = 5oL fexp{— (1 maxR0)/4DI}
—exp{— (r+7max—Ry)Y/4Dt} >R, (25)
where 7_,, is the distance between the electron and
the ion for maximum distribution. Ny(£)/N,(0) is
given by Eq. (26):1
No(£)[No(0) = exp(—Bt){1 +(R0/rmax)Erf(rmax/Vm)}/
(1+ Ro/rmmax) (26)

Results and Discussion

The results of numerical calculation using various
paremeters are shown in Figs. la and 1b and in Fig.
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Fig. la.

Number of electrons in a spur plotted as a function of time in the case of potential control, where the

initial value was normalized to be unity. The numerical calculation was carried out using Eq. (23) and the
following parameters in CGS unit without scavenger, f=0.

Curve 1: 4=0.0, B=1.0,
Curve 2: A=1.0, B=0.0,
Curve 3: A4=0.0, B=1.0,
Curve 4: A=1.0, B=0.0,

17) The error function, Erf(x), is defined by:
2 pXx
- — —d
Erf(x) l/n‘/; exp(—2z%)dz

n,=3.9x 108, n,=1.2x10%, «=4.3x10-1
n,=3.9x 108, n,=1.2x108, 0=4.3x10-1
n,=3.9x 108, n,=1.2x 108, ¢=4.3%10-1°
n,=3.9x 108, n,=1.2x10'8, ¢=4.3x10-10
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Fig. 1b. Number of electron in a spur plotted as a function of time in the case of potential control in the

presence of electron scavenger except for curve 1.
Curve 1:

4=0.0, B=1.0, n,=3.9x 108, n,=1.2x108, a=4.3x10-1~4.3x10-1°, £=0.0,

R=2.0x10-"~1.0x10-7
Curve 2: A4=1.0, B=0.0, n,=3.9x 108, n,=1.2%x10%, «=4.3x10-1, B=1.0x10%, R,=2.0x10-7
Curve 3: A4=1.0, B=0.0, n,=3.9%x10%, n,=1.2x108, «=4.3x10-1, f=1.0x10% R,=2.0x10-7
Curve 4: 4=1.0, B=0.0, n,=3.9%x 1018, n,=1.2x 108, «a=4.3x10-1, B=1.0Xx101, Ry=2.0%x10-7
Curve 5: 4=1.0, B=0.0, n,=3.9x 108, n,=1.2x 108, x=4.3x10-1, B=1.0x101, R,=2.0x10-7
1.0 —— 1
o | \3:
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Fig. 2. Number of electrons in a spur plotted as a function of time in the case of diffusion control.

The nume-

rical calculation was carried out using Eq. (26) and the following parameters in CGS units.

Tmax=4X10""~8x10-7, f==1.0x10°
Tmax =4Xx10-"~8x10-7, f=5.0x10°

Curve 1: D=5x10-5 Ry=2X10"7, rp,x=8x10-7
Curve 2: D=5x10"4 R;=2X10"7 rp.x=8x10-7
Curve 3: D=5X10-5 Ry=2x10"7 rpax=4x10-"
Curve 4: D=5x10"%, Ry=2x10"7, rp,x=4%x10-7
Curve 5: D=5x10-5 Ry=2x10-7

Curve 6: D=5x10-5, Ry=2x10-7

Curve 7:

Curve 8: D=5x10-5 R,=2x10-7

2 for the potential-control process and the diffusion-
control process respectively. In Fig. la, the time
dependence of the electron concentration showed
sigmoidal curves. The results of numerical calculation
in the scavenger-free case are that the relaxation time
of electron recombination is in the range of 10-10—
10-%sec, depending mainly on the initial distribution
of electron. If the scavenger is present in the system,
the value of the relaxation time of the electron disap-
pearance becomes much shorter, as is shown in Fig. 1b.

The case of diffusion control is shown in Fig. 2;
here the geminate recombination partially took place,
in contrast with the complete recombination in the
case of potential control,(Fig. la). For the large
value of scavenger concentration, the time dependence
becomes almost equivalent in the diffusion-control
and potential-control processes. Therefore, either
method offers a reasonable approximation for the

D=5x10-5 Ry=2X10"7 rp,x=4X10-7"~8x10-7, f=1.0x 101
s Tmax =4 X10-7~8x10-7, f=2.0x 101

concentrated solution of the scavenger. In these
calculations, the value of « was assumed to be constant.
In the neutralization process, however, the value
should be a step function. If N+*(f) in Eq. (2)
decreases from four to one by a step function during
the successive neutralization, the time dependence
of N*+(t)/N(0) is shown in Fig. 3 with the curves for
the fixed values of four and one in N*(f) in Eq. (2).
The relaxation time decreased slightly with an increase
in the effective charge of the ion core. The effect
of the successive neutralization of the effective charge
of the ion core from four to one decreases the rate of
the electron recombination, (Fig. 3, Curve 4). The
half-life of the electron recombination of the successive
neutralization, (Curve 4) showed a intermediate
value between that of the effective charge of one (Curve
3) and that of the effective charge of four, (Curve
5). Other calculations, e.g., Mozumder’s”), Ludwig’s?,
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Fig. 3. The electron concentration as a function of time
in the various methods of calculation without scavenger.

Curve 1: by Mozumder, (room temperature)

Curve 2: by Ludwig,

Curve 3: core charge to be constants, N=1, other para-
meters are corresponding to the case of curve
3 in Fig. la,

Curve 4: core charge to be changed, N=4~1,

Curve 5: core charge to be constant, N=4,

Curve 6: by Freeman

and Freeman’s calculations,® are also quoted in Fig.
3. The relaxation times of electron recombination
are 6x10-% 1x10-% 1x10-1, and 4—10x10-1°
sec for Mozumder, Ludwig, Freeman, and the present
calculations respectively, while the corresponding
values of 7,  are 80, 80—112, 20, and 80—120 A.
Thus, the relaxation time of electron recombination
largely depends on 7,,;. The relaxation times evalu-
ated by Ludwig, Mozumder, and the present methods
are within the same order of magnitude. The slight
difference in the relaxation time is due to the difference
in the ry,, and N*(¢) values used in these calculations.
The shorter relaxation time in the case of Freeman
corresponds to the smaller value of r,,,. Some ex-
amples of these initial distributions were illustrated
in a previous paper.'? The real solution, C(r, t),
may be somewhere between the potential-control
and diffusion-control cases, it is quite similar to X (r, t)
at the smaller distance of » and can be well approxi-
mated by wy(r, ¢t) for a large r distance. Therefore, a
linear combination of X (r, ¢) and w,(r, t) by using a
slowly-changing function of distance will provide
a better approximation.

In the numerical calculation, the estimation of
the various parameters involved in the theory is im-
portant in relative the theory to the experimental
results. In this work, the main parameters are =,
«, B, and R,. The value of n is expressed in terms
of the distance of the maximum distribution, namely,
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n=2[rx. The value of ry,, can be determined
by the thermalization length of the electron ejected
from the parent ion by the primary act of radiation.
According to Mozumder and Magee,'® the value of
the effective thermalization length is 80 A. In this
work, two values (rn,,=80A, 120 A) are used.

The parameter, «(=N"*(t)eu/e), of electron recom-
bination can be estimated from the number of ions
in the ion core in a spur, N*(¢), and from the mobility
of the electron, u. The fixed values of Nt(¢)(=4, 3,
2,1) and the variable value of N*(¢) from four to one,
decreasing with time as a step function, are considered
in this work. The value of the mobility of the electron
of 2x 103"~ cm? v~ sec™11® was used in estimating
«. The B parameter is defined as the product of the
rate constant and the concetration of the scavenger.
The rate constants of most scavengers have an order
of magnitude of 101° M~! sec™!, and usually an ap-
preciable effect of the scavenger is observed in the
concentrations of the scavenger beginning from 10-1
M, so the value of 8 used in this calculation is in the
range of 1.0x10%-10 in terms of the scavenger effect.
The reaction radius of the recombination of the elec-
tron and ions is in the range of 10 A—20 A, where the
electron escape from the recombination seems to be
negligible.
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